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Abstract

The Successive Over Relaxation (SOR) method is a well-known iterative method to solve the
linear system Az = b. One effective strategy for increasing the speed of convergence or even
getting out of a possible recession is to use an effective preconditioner. With this perspective,
in this paper, using a preconditioned version of the SOR method, we extract the numerical so-
lutions of the one-dimensional Burgers” equation. At first, we discretize Burgers’ equation by
using some central and forward finite difference formulas. Then, we eliminate the non-linear
term produced in the obtained differential equations by using an average formula called non-
local arithmetic discretization scheme. Next, we examine the error analysis and conditional
stability of the method. Finally, we modify the resulting system of linear equations with its pre-
conditioned version. Theoretical and numerical results show that the present preconditioned
method has increased the convergence rate significantly compared to the standard method and
the resulting methods.

Keywords: Burgers’ equation; finite difference scheme; preconditioner; linear system; SOR;
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1 Introduction

The non-linear one-dimensional Burgers’ equation with initial and boundary conditions con-
sists of,

Ou du 0%u

a‘f'fu%: BIcE (x,t) € (o,b) x (0,T], :
u(z, 0) = B(z), 2 € [o,b], (1)
u(e,t) = 1(t), u(e,t) = Fa(t), 0<t<T,

where ¥ > 0 is the kinematics viscosity parameter, which plays the role of maintaining the bal-
ance between convection and diffusion. In addition f(z), f;(z) and Fy(x) are given sufficiently
smooth functions of the variables. In (1), if ¥ = 0, Burgers’ equation is hyperbolic. Otherwise,
it is parabolic. In 1915, Bateman presented this equation to express possible discontinuities in
obtaining solutions to the equations of motion of a viscous fluid when the viscosity coefficient
tends to zero [4]. Further, Burgers [7, 6], in his papers published in 1939 and 1948, introduced
various aspects of turbulence, which led to the presentation of a mathematical model that con-
firmed this theory. So far, numerous numerical methods and algorithms have been presented to
solve Burgers’ equation. For example, the following can be mentioned. Higher-order accurate fi-
nite difference method [25], cubic spline quasi-interpolant scheme [23], a least-squares quadratic
B-spline finite element method [10], modified cubic B-spline differential quadrature method [2],
traveling and shock wave simulations in a viscous Burgers’ equation with Periodic Boundary Con-
ditions [13], full implicit finite difference schemes [15], UAT tension B-spline differential quadra-
ture method [8], solving of Burgers’ equation by Bernstein differential quadrature method [1],
solving with quantum computing [17], a higher order implicit adaptive finite point method [21],
a preconditiond SOR method [24], physics-based preconditioning of Jacobian free Newton Krylov
for Burgers’ equation using modified nodal integral method [9], applying barycentric interpola-
tion method and fourth order cubic B- spline collocation method to solve the Burgers” and Fisher’s
equations [14, 19], finding travelling wave solutions and conservation laws of the Korteweg-de
Vries-Burgers equation with power law nonlinearityand as a generalization of the Burgers’ equa-
tion [12], and use of Keller-Box scheme in solving of Burgers” equation with nonlocal boundary
condition [3].

In this work, we will solve the one-dimensional Burgers” equation numerically in two phases.
In the first phase, Burgers’ equation is discretized using a second-order implicit finite difference
scheme along with a semi-approximate procedure. The output of this phase will be a system
of approximate three-diagonal linear equations. The second phase includes applying the SOR
projection method and a special preconditioner for it. In this phase, the iterative formula of the
preconditioned SOR method is presented, and finally, the algorithm of the preconditioned SOR
method is presented to solve the extracted system of linear equations. Numerical results show that
the numerical solutions of (1) can be calculated using the proposed method method with optimal
accuracy and in less CPU execution time than those of the standard method and Gauss-Seidel
projection method.

The article is categorized in the following form: in Section 2, we present the governing equa-
tions. The formulation of the preconditioned SOR and the corresponding algorithm are the subject
of Section 3. In Section 4, error analysis is done followed by Section 5 that contains stability anal-
ysis of the derived scheme for Burgers' equation. Then, we present our numerical experiments
along with interpretation and conclusions in the text in Section 6. Finally, we derive a summary
of the main results in Section 7.
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2 Derivation of The System of Approximate Linear Equations

Consider (1) with initial and boundry conditions asummed on it. We rewrite (1) as below,

Ou Ou 9%u
E—F[F(x,t,u)a—x:ﬂ@, (2)

u
where u(z, t,u)—— isnamed as a nonlinear part. To begin with, we first create a finite grid network
of points in the equation domain . Suppose,

ry=a+kAz, k=0,1,...,m, Az=

t = IAt,

3)
1=0,1,...,m, At =

314

)

and u(xy, t;) displayed with v, ; that can be determined by solving the corresponding linear system
using an implicit finite difference approximation equation. Now, using the forward and central
finite difference formulas on the (2), we will have at the (I + 1) level,
Uk,i4+1 — Uk, Uk41,1+1 — Uk—1,0+1 d
+T+[F(xk7tl+la[“k,l+l) LS =

2Ax - (Ax)? (Uk—1,041 = 2k, 141 + Uk41041)-
(4)

Next, to linearize the nonlinear part of the appearance in (4), we apply a scheme called nonlocal
arithmetic mean discretization scheme [18] which is as follows,

Uk—1,1+1 + Uk+1,1+1
Fzg, tip1, Upigr) = F (xkatl—&-ly

5
. (5)
Substituting (5) into (4) and simplifying it, we will have
—SRUk—1,14+1 T QkUk,i+1 — Up41,0+1 = Vi1, Kk=1,2,....m—1, (6)
where
0 1 29
) —
Gag Frit+ A IR YL
Sk = ) Qg = —————
Qg Qg
O = v o Ukl
B (Az)?2  2Ax kbtls PET A % o
Fron =F <l’k,tl+1, Uk—1,1+1 ;‘Uk+1,l+1) .
So, at the level (I + 1) for different values &, the implicit approximation (6) generates a three
diagonal linear system as follows,
AUpp1 = Vg, )
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where
g -1
-5 g2 -1
—S3 O3 -1
A= ,
—Sm—2 Qm—2 -1
L “Sm—1 Om-1
. T
Uit1 = [U1,141, U241, - -+ s Um—1,041)
V.o — T
141 = [Y1,141 + S1U0,141, V2,041, - - - » Yen—1,041 + Urn 141

Now, it is possible to solve the three-diagonal system (7) using an iterative method. SOR is a well-
known iterative method for solving systems of linear equations resulting from the discretization
of nonlinear and differential equations [16, 22]. For this purpose, we consider a preconditioned
SOR method (PSOR) [20]. Because as we know, combining an iterative method with a suitable
preconditioner can strengthen the speed of convergence. In the next section, we will consider
related formulations.

3 Formulation of PSOR

When m is large, the three-diagonal system (7) will be a large and sparse system, and in this
situation, using an iterative method to derive an approximate solution is a common method. One
of the solutions to ameliorate the convergence speed of an iterative method is to produce an equiv-
alent system with the original system and solve it instead of the original system. This is done by
multiplying a matrix from the left, right, or multiplying two matrices on the sides of the matrix of
coefficients. The result of this operation should be such that the equivalent system is solved faster
than the original system. This method is called preconditioning technique and the matrix used to
produce the equivalent system is called a preconditioner.

Li and Evans [11] designed a preconditioner specific to the SOR method and showed that the
solution of the preconditioned system is faster than the original system. This preconditioner is as
follows,

1 1 ... 0 0
0 1 1 0 O
0 1 1 0
P=01+S= , (8)
R . . .0
00 ... O 1 1
00 ... 0 0 1

where [ is the identity matrix, and the entries of upper diagonal are the negative of the entries
of upper diagonal of A in (7). In the following, we obtain the iterative formula of PSOR for (7).
Suppose,

AU = Vi, (9)
is the preconditioned system corresponding to (7) so that, A* =P x Aand V;, | = P x Vi ;. Now,
we consider the standard splitting for A*,

A* =D* —L* — F*, (10)

1292



S. Ghadamyari and M. Mojarrab Malaysian ]. Math. Sci. 19(4): 1289-1304(2025) 1289 - 1304

where —F*, —L*, and D* are strictly upper, strictly lower triangular and diagonal matrices corre-
sponing to A*, respectively. According to (9) and (10), the iterative formula of PSOR is

Uk = (D* — wl*) ' [(1 - w)D* + wFF U

I+1 1 Tw(D” —wl*) 7V, (11)

where w € (0, 1] is the relaxation parameter. It should be noted that in the implementation of the
algorithm, it is not necessary to explicitly generate A* and V[, ;. The general structure of PSOR is
algorithmized as follows.

Algorithm 1. PSOR steps for (9)

0)
L€

ii. Fori=0,1,...,n—1,do

i. Set the starting value [Ul(

a) Set Ul(i)l = 0 and boundary conditions.

iii. For £ = 0,1, ..., until convergence, do

b) Compute new value of lUl(_’E;r Y by applying
bi. k=1,
K+1 K w K K *
UgmlJrl) =(1- w)‘“l(al)ﬂ +— <(1 - "Jk'+1)“J1(c+)1,l+1 + UI(€+)2,Z+1 + Vk,l) :
Qr — Sk+1

b,. Fork=2,...,m— 3,

(K+1) ()
Ug i+l = (1- w)luk:,lJrl
K+1 c K *
+— (skul(c—l,l)-&-l +(1- Qk+1)ul(c+)1,l+l + U5c+)2,l+1 + Vk,l) .
Ok — Sk+1
end For.
bg. k=m-— 2,
K+1 K w K+1 K «
”Jl(c>l+1) =(1- w)‘“I(c,l)H T Ok — Skt1 (Sk[u;cfl,llrl +(1- Qk+1)“l(c+)1,l+1 + Vk,l) '
b4. k=m-— 1,

K+1 K w K+1 ,
Ul(c,lil) =(1- W)‘“gc,z)ﬂ + P (Skul(c—J{,l)Jrl +Vk,z> .
(K+1) _ ¢,(K) _ 3 3
o) If || Uy Ut llo< € setl =1+ 1 and go to Step ii, else set £ = K + 1 and go to
Step iii.
end For (K)
end For (1)

iv. Present the approximate solution.

4 Error Analysis

A mathematical analysis of convergence specifies the accuracy with which the numerical scheme
approximates the solution. Here, we assume that U, and uj, represent the exact and approximate
values, respectively, at the knot =, and at the level (I+1). We also assume that u and its derivatives
remain bounded in the domain (o, b) x (0, T]. Here, we have the following theorem.
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Theorem 4.1. The error in the approximation of the Burgers’ equation by (6) is of the order of O(At + h?)
where h = Aw.

Proof. According to (1) at node zj, and at level (I + 1), we have
ou oUy

k J—
o Vg TV (12)
8qu aluk o aQEUk
ot W or = Vg (13)
In this case, the point-wise error is as follows,
QUi Bu [y W | u) (FU P,
at ot For Y or 812 2
8[Uk (9uk 8[Uk atuk 6‘2Uk 32tuk
< | ZZF 7R TRyl 2 _
S\ "o | Y e Y 922 0x2
o a[Uk 8tuk k 8Uk 8[Uk 3[uk 82[Uk B%k
o o | Y e Y ar e Yan | T o
6ka atuk alUk 3Uk 8tuk 32[U}<; a%k
< |22k 7R _ 7k 2Tk 77Tk _
S T R el e e 922 0x2 (14)

Now, considering the numerical derivative formulas used in (4) and the nonlocal arithmetic mean
discretization scheme in (5), it can be shown that,

BFUk 8tuk
— ——|=0(At 1
= Sk o), (15)
h2
|qu_Uk|:O<2>v (16)
oUy, h?
“El_0o( = 17
> ( ! ) | (17)
62Uk aQUJk h2
et~ ot | =0 (1) s
So, from (14), we get point-wise error < O(At + h?) as U and its derivatives are bounded in the
considered domain. Thus, we have O(At + h?) accuracy. O

5 Stability Analysis

In this section, we examine the stability of the proposed numerical scheme. Numerical stability
of a scheme means that possible errors generated during the execution of the scheme should not
be amplified, because otherwise, in practice, the final approximate solution may have a significant
distance from the exact solution. For this purpose, we have used the von Neumann method. As
discussed, according to (6), we have

—SRUL—1,1+1 T QkUk1+1 — Uk41,041 = Vi1, Kk=1,2,...,m—1, (19)

where s;;, gi, and vy, ; have values as defined in Section 2. Substituting v ; = A¢ Lexp(ikgh), where

i = +/—1, Ais amplitude, h is the step length and ¢ is the mode number, we get
—sp+agr—1

(1+si) cos ph + qp +i(sp — 1) sing, b’

= — (20)
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which by definitions,

Xl :_Sk+qk_1v
Xo = —(1 + s) cos oh + qg,
X5 = (s — 1) sin ¢h.

We will have

X1

f:)(2+z')(3'

(21)

For stability, we must have || < 1. In other words, we must have

X2
v S L
X2+ X3

for the values as defined above. Hence, the proposed method is conditionally stable for Burgers’
equation.

6 Numerical Results

In this part, we will solve numerically three examples of type (1) using MATLAB version 2023.
The personal computer used has hardware specifications of 8GB RAM, 1TB storage, and an i7 core
processor. In the Tables 13, PSOR implementation is compared with SOR and Gauss-Seidel (GS)
methods. In each table, useful information includes m(= n) (grid size), Iter (average value of the
number of iterations for the approximate calculation of uy; ), time (the average value of the approx-
imate calculation time uy; in seconds) and Error (the average value of the error in the approximate
calculation wy,;) are reported. The error tolerance is also considered ¢ = 107!, The results pre-
sented in the tables are reported per optimal w, which means that each method is implemented
with certain values of w at (0, 1], starting from w = 0.1 and with a step length of 0.1, and the best
implementation is reported considering the minimum run time. The absolute error function is
alsoe = ‘tu(m, t*) exact — U(, t*)appmximate] where t* is a number belonging to the domain t specified
in each example.

As mentioned earlier, in this paper, the preconditioner presented in [11] is considered. Li
and Evans [11] showed that if A in (7) is a Z-matrix, then, the convergence speed of PSOR will
be higher than SOR and GS. It can be easily checked that all three examples presented have this
characteristic.

Example 6.1. We consider Burgers” equation [2] with the following exact solution,

The initial condition is given by,

u(z,1) = t>1
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The relevant numerical experiments are recorded in Table 1. In our implementations, x € [0, 1.2,
1
tel1,2.2], 9 = 0.5and ty = exp (879) is considered. The data in Table 1 show that PSOR has signifi-

cantly reduced the convergence speed and the number of itereations compared to GS and SOR. In Figure 1,
the 3D graphs of both analytical and approximate solutions are depicted which shows that the approximate
solution closely estimates the analytical solution. In Figure 2, the 2D graphs of analytical and numerical
solutions for certain values t(= 1.15,1.30,1.45) and for 9 = 0.05 are plotted. The solutions of both sets
are close to each other except near the boundaries. To enhance understanding, Figure 3 has been drawn. In
Figure 3, the graphs of the exact and approximate solutions for certain values t(= 1.15,1.30, 1.45) and for
¥ = 0.05 are depicted together. As observed, the solutions are close to each other except near the boundary,
which is consistent with Figure 2.

Table 1: Numerical experiments for Example 6.1.

GS SOR PSOR
m Iter time Error Iter time Error Iter time Error
256 1186 0.51 1.55e—04 1423 0.66 1.55e—04 165 0.17 1.55e—04
512 2095 2.89 6.59e—05 2508 3.94 6.59e—05 320 0.78 6.59¢ — 05
1024 3619 18.87 2.80e—05 4319 23.27 280e—05 604 4.77 2.80e—05
2048 6076 129.06 1.18¢—05 7217 157.75 1.18¢—05 1137 34.55 1.18e—05
4096 9809 835.09 5.00e —06 11572 1007 5.00e — 06 2193 263.94 5.00e — 06

o
=

o
w

spproximate

o
ha

ulx,t)

Figure 1: 3D plots of the exact solution (left) and the approximate solution (right) of Example 6.1 with ¥ = 0.05.
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‘exact

u(e ),

Figure 2: 2D plots of the exact solution (up) and the approximate solution (down) of Example 6.1 with ¥ = 0.05 and
fort = 1.15,1.30, 1.45.
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t=1.15

Nurnerical Solution
—&— Exact Solution

015

uixf)

Figure 3: Compare the two-dimensional graphs of the exact and approximate solutions for Example 6.1 with ¥ = 0.05 and
fort = 1.15,1.30, 1.45.

Example 6.2. We consider Burgers’ equation [5] with the following initial condition:
u(z,0) =2z, t>0,

and exact solution:

_ 2x
142t

u(z, t)

The corresponding results are shown in Table 2. In our implementations, x € [0,1] ,¢t € [0,1],and 9 = 0.5
is considered. As can be seen in Table 2, both time and iteration factor have been impressively reduced in
PSOR compared to GS and SOR. In Figure 4, the 3D graphs of both analytical and approximate solutions
are depicted which shows that both solutions are relatively close. In Figure 5, the 2D graphs of exact and
numerical solutions for certain values t(= 0.25,0.50,0.75) and for 9 = 0.05 are plotted. The solutions of
both sets are close to each other except near the end boundary. This is more evident for t = 0.25 and the
difference decreases with increasing t. Figure 6 is obtained by superimposing the graphs of Figure 5. As can
be seen, this figure accurately shows the process occurring in Figure 5 and confirms them.

Table 2: Numerical experiments of Example 6.2.

GS SOR PSOR
m Iter time Error Iter time Error Iter time Error
256 1563 0.66 3.35¢ —06 1880 0.73 3.35e —06 185 0.16  3.35¢ — 06
512 2811 4.09 8.62¢e—07 3374 4.53 8.62e —07 358 0.82 8.62¢ —07
1024 4969 26.93 2.00e — 07 5949 32.03 2.00e —07 67198 5.21  2.00e — 07
2048 8598 211.83 5.58¢ —08 10259 221.89 5.58¢ —08 1278 38.50 5.58e — 08
4096 14470 1291 1.41e—08 17188 1526 1.41le—08 2406 285.58 1.41e —08
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LD ——

Figure 4: 3D plots of the exact solution (left) and the approximate solution (right) of Example 6.2 with ¥ = 0.05.

'spproximate

ux ),

Figure 5: 2D plots of the exact solution (up) and the approximate solution (down) of Example 6.2 with © = 0.05 and
for t = 0.25,0.50, 0.75.
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—— Mumeri

cal Solution

—%—Exact Solution

Figure 6: Compare the two-dimensional graphs of the exact and approximate solutions for Example 6.2 with 9 = 0.05 and

fort = 0.25,0.50, 0.75.

Example 6.3. We consider Burgers’ equation [24] with the following initial condition:

and exact solution:

1

u(z, 1) = 1_ — tanh (

2 2

1 1
—Q—tanh<

-

1 >7 >0,
1)

Table 3 contains the numerical results of Example 6.3. In our implementations, x € [0,1], ¢t € [0,1],
and 9 = 0.5 is considered. Comparing PSOR with SOR and GS, we find that this method has performed
remarkably well in reducing the two fundamental factors of iteration and execution time. In Figure 7, the 3D
graphs of both analytical and approximate solutions are depicted which shows that the approximate solution
has well estimated the analytical solution. In addition, in Figure 8, the 2D graphs of exact and numerical
solutions for certain values t(= 0.25,0.50,0.75) and for 9 = 0.05 are plotted. The solutions of both sets
are close to each across the range. To further confirm this, Figure 9 is plotted by superimposing the graphs
of Figure 8. As we can see, the graphs of the exact and approximate solutions overlap completely across the
range of x and for some certain values of t and o).

Table 3: Numerical experiments of Example 6.3.

GS SOR PSOR
m Iter time Error Iter time Error Iter time Error
256 1266 0.54 7.64de—07 1516 0.62 7.6de—07 170 0.18 7.64e — 07
512 2174 3.14 191e—07 2595 338 1.91e—07 327 0.76 1.91e—07
1024 3634 18.57 4.T7e—08 4316 21.91 4.77e—08 620 4.31 4.77e—08
2048 5844 121.71 1.19¢e —08 6893 141.45 1.19¢e—08 1174 37.91 1.19¢—08
4096 8863 723  2.94e—09 10337 861.53 2.94e —09 2249 272.63 2.94e —09
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L ——

Figure 7: 3D plots of the exact solution (left) and the approximate solution (right) of Example 6.3 with ¥ = 0.05.

08 0.9 1

epproximate

ue),

Figure 8: 2D plots of the exact solution (up) and the approximate solution (down) of Example 6.3 with © = 0.05 and
for t = 0.25,0.50, 0.75.
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Murmerical Solution

—&— Exact Solution

Figure 9: Compare the two-dimensional graphs of the exact and approximate solutions for Example 6.3 with ¥ = 0.05 and
for ¢t = 0.25,0.50,0.75.

7 Discussion

In this research, we solved numerically the one-dimensional Burgers’ equation using an im-
proved SOR method. The method used to improve the SOR method was the use of a suitable pre-
conditioner, the use of which leads to an increase in the speed of convergence and a decrease in
the number of iterations in solving the system of approximate linear equations resulting from dis-
cretization of Burgers’ equation by some finite difference formulas and nonlocal arithmetic mean
scheme. The convergence and stability of the method were established and the method was found
to be conditionally stable, second-order convergent in space, and first-order convergent in time.
As observed, the obtained numerical results confirmed the theoretical results, meaning that by
applying an effective preconditioner, we witnessed a reduction in the number of iterations and an
increase in the convergence speed.
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